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Robert de Levie

Department of Chemistry, Bowdoin College, Brunswick, ME 04011

[. INTRODUCTION

L east-squares analysisis based on the so-
caled ‘normal’ distribution of experimental
uncertaintiesformulated by AbrahamdeMoivre,
afriend of Newton. De Moivre was a math-
ematical geniuswho never found permanent
employment, and earned a meager living in
London as a math tutor for the children of
the wealthy. The least squares method itself
was subsequently developed by Legendre and
Gauss, who realized how the ‘normal’ distri-
bution could be used for data analysis.

For alongtime, least squaresanaysiswas
the near-exclusivedomain of statisticians, who
used long tables to evaluate their data. The
field advanced through the introduction of
matrix algebra, although that tended to make
it less accessible to non-statisticians. More re-
cently, thesematrix methodswereimplemented
inspeciaized softwareand, findly, ingeneral-
purpose computationa programssuch asspread-
sheets. Now that they are easily accessible,
least squares methods have become ubiqui-
tous in science.

In Section Il we review some of the
properties of the normal distribution and re-
lated concepts. We also see how multiple,
small, random errorsthat each follow a“ nor-
mal’ distribution lead to the least squares
criterion. In Section 111 we then apply this
method in order to fit experimental data to
model expressions.

Themathematicsof least squaresaregrestly
simplified when we can assume that the ex-
perimental deviationsare essentially confined
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to oneparameter, the’ dependent’ variable. (We
will makethissimplifying assumption through-
out thisreview, except in Section VI1.) There
can be any number of ‘independent’ variables,
which assumedly do not contribute to the ex-
perimental uncertainty. The mathematicsare
especially simple with asingle ‘independent’
variable that is uniformly spaced, as in the
specia case of equidistant data discussed in
Section IV. Weighted least squares are dis-
cussed in Section V. Theready availability of
multi-parameter non-linear least squaresrou-
tines in modern spreadsheets and computer-
based statistical packages providesyet another
approach to curvefitting, as described in Sec-
tionVI. Andin Section VIl wefinaly lift the
constraining assumption that only one param-
eter containsrandom experimental fluctuations.
L east-squares havefound many other uses,
such asto discover the presence (or absence)
of linear relations between parameters (ex-
pressed in terms of the often misapplied lin-
ear correlation coefficient r), or to find the
more subtle linear combinations of data that
form the basis of near-infrared spectromet-
ric analysis. For the latter, the reader should
consult bookson partial least squaresor prin-
cipal component analysis, sincethey fall out-
side the purview of the present review.

II. REPLICATE MEASUREMENTS

Random experimenta fluctuations can be
categorized in one of three classes. When the
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fluctuations are discrete, and have discrete
consequences (asin throwing dice, which can
only be done an integer number of times, and
each timeleadsto aninteger result), they tend
to follow a binomial distribution, or (if the
various outcomes have unequal probabilities,
aswhenthediceareloaded) one of itsderiva-
tives. When the fluctuations occur randomly
intime, but have discontinuous consequences
(as with radioactive decay, which can hap-
pen at any moment, but results in a discrete
change in atomic number and/or mass), the
prototypical distribution is Poissonian. Most
chemical observations fall in the third cat-
egory, comprising those experiments where
both the experiments and the results are con-
tinuous. Inthiscase, the‘normal’ distribution
is the applicable prototype. This review is
restricted to the latter (third) category.

A. The Normal Distribution

In anormal distribution, the probability
P of an experimental observation subject to
small random fluctuations is given by an
expression of the form

1 O{y-y)°0
P= —— ex 1
o~ 21 pg 20° B )

where Y isthe average or mean of the obser-
vations, and o isits standard deviation. The
pre-exponential factor 1/o+/2T normalizes
the distribution, ensuring that integration of
the probabilitiesP over all possibilitiesyields
the value 1. The distribution (1) has a sym-
metrical, bell-shaped form, with equal prob-
abilities of positive and negative deviations
of the same absolute magnitude |y—Yy], and
with smaller deviations from the average
more likely to occur than larger ones.
Thenormal distribution (1) can be shown
to be the limit of a Poissonian distribution
when the discrete steps in the latter become
vanishingly small with respect to the experi-
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mental resolution. Thisisacommon state of
affairsin chemistry, wherein principle many
observables have a molecular, atomic, or
ionic discreteness. In most chemical mea
surements the number of particles causing
the observed effect is so large, and their
individual contributions so small, that for all
practical purposes the observed signals and
their fluctuations are continuous. Indeed,
many experimental observations in chemi-
cal analysis approximately follow a normal
distribution. As a result, absent evidence to
the contrary, the corresponding statistics are
usualy assumed to apply, hence the name
‘normal’.

Toillustrate the method of least squares,
we consider aset of observationsy fromwhich
we want to extract the value of its aver-
age, Y. Wewill call the experimental devia-
tions y—y from the (as yet unspecified)
average Y theresiduals. The least squares
method now minimizes the sum of the
squares of the residuals with respect to the
unknown parameter, y,i.e, > (y—y)?. This
is done by equating to zero the derivative of
the sum of the squares of the residuals with
respect to y, i.e., through

_d 2 _<dy, —)7)2
O—F;(y—y) —Zl 4y
:_zz(yl_y):_ZZyI +2Ny
)
S0 that
DV
y=-1= )

N

which indeed yields the common result for
the average. Becausethe summationinvolves
afinite number N of terms, the order of sum-
mation and derivativetaking can beinverted.

In replicate measurements, the standard
deviation isameasure of the repeatability of
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the observation, and istherefore used to spec-
ify the precision of the measurement. The
population standard deviation

DX

U=V—i:1 N 4

is ameasure of the width of the distribution,
while the sample standard deviation

()

measuresthe (ir)reproducibility of singledata
points. In chemical measurements, we al-
most always deal with samples rather than
with the entire population, and we will there-
fore use sample rather than population sta-
tistics. The average of all N replicate mea
surements then has a standard deviation

= \:\ i=1 (6)

The variance is defined as the sguare of the
corresponding standard deviation.

B. The Least Squares Criterion

Wenow cong der making anumber of repest
measurements, assuming (a) that these mea-
surements have mutually independent devia-
tions from the true mean, and (b) that the de-
viationsfollow asingle, normal distribution.
L et the first observation be off from the true
mean by an amount A,. The probability P(A,)

that thiswill happen then followsfrom (1) as
Py =(1/o2m)exp[-4%/20%]. Similarly
we have for the second observation P(4,),
= (]/ UV”ET) exp[—A22 /2 02] , etc. Theprobebil-

ity that wewill encounter aset of deviationsA,,
A, A, ..., ec. isthe product of their individua
probabilities P(A,), P(4,),P(4y), ... , ec., or
P(AL,A,,4;,...) = P(A,).P(4,).P(4,)... =
(Vo 2m)exp[ (a2 + 2% +22 + ) 207

In anormal distribution, the probability
of encountering asmall deviationislarger than
that of encountering alarger one. Consequently,
theoverdl probability will besmaler thelarger
the deviations, so that P(A,, A, A,,...) goes
through amaximum when (A2 + AZ + AZ +--)
is minimal. Thus, in order to determine the
most probable location of the maximum in
the normal distribution, we determine that
value for which the sum of the squares of the
deviations 4, is minimal. That is the least-
squares criterion.

[ll. FITTING DATA TO A MODEL
EQUATION

The subject of thisreview isthefitting of
data sets to an assumed mathematical equa-
tion. Here we can use the same principle of
minimizing the sum of the squares of the re-
siduals to optimize our fit. However, in this
case the standard deviation acquires adiffer-
ent meaning: it nolonger measuresthe repeat-
ability of replicate measurements, but instead
indicates how well the data fit the assumed
model expression. This obviously blurs the
distinction between precision and accuracy,
because the standard deviation now reflects
theamount of random noiseinthedataaswell
asthe appropriateness of the assumed model
expression.

A. The Proportionality

The simplest case is that of the propor-
tionality y = ax, i.e., of data that, in the ab-
sence of experimenta fluctuations, would lie
on astraight line through the origin. Given a
set of experimental data pairsx, y,, wherethe
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experimental uncertainties are all located in
the y, and are assumed to follow anormal dis-
tribution, we find the deviations A, asy, — ax;
because the x, is assumed to be error-free, so
that ax, representsthe correct value. Thevalue
of a is not yet known, and in fact is the pa
rameter we want to determine. Asin Equa-
tion 2, we determinea by minimizing thesum
of the sguares of the deviations A, i.e., by
setting the derivative of ~ A2 =% (y,—ax;)?
with respect to a equal to zero:

s0 that can then be determined from

a:ZXiyi inz (8)

i=1

We now distinguish two variances, s, ands,,
where the former measures the deviations of
y; from the proportionality:

> (v-ax)

2 i

=N
O (N-py

(9)

whereas s, indicates the non-systematic un-
certainty in the value of a:

N O Cf
s§=s§z%f’7a5 (10)

j=1 i
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which upon substitution of (8) yields

(11)

From here on we will simplify the nota-
tion by deleting the subscriptsi, except when
they are needed to avoid ambiguity, asin Sec-
tionsIl1.Eand VII. In order to compute a, s,
ands,, we need to compilethethree sums >x2,
>xy, and 32, and count the number N of data
pairsentered. Thisiseasily doneinacompu-
ter program, on a spreadsheet, or even on a
calculator with some memory. Spreadsheets
will make the computation automatically af-
ter the data points have been entered, aslong
asone specifiesalinethrough the origin. For
example, Excel provides three different lin-
ear |east-squares methodsto fit experimental
dataautomatically to aproportiondity: (1) the
rather terse but automatically self-updating
LINEST function, (2) the Regression macro
in the Analysis Toolpak, which yields more
statistical information than you may want, and
can even be set to plot the raw data, their fit,
and the corresponding residuds, and (3) Trend-
line, which operates directly on agraph of the
data, but only providesthefitting parameters.

B. The Line

A general line can be represented by the
equationy = a, + a,x with slope a, and inter-
cept a,. In this case there are two parameters
to be fitted to the data, and we must there-
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fore minimize the sum of the squares of the
deviations A =y —a, —a;x, where x isagain
assumed to be error-free, while a, and a, are
constants of yet to be determined value. We
now find the minimum by setting the deriva-
tives with respect to a, and a, equal to zero:

d 2
0= 5 (y-a-ax
da, 2. ) )

= —22 y+2a,N +2312X

where Za, = a,;N when we use N data pairs
Xy, and

d 2
0=-2 5 (y-a,-ax
da > ) -

=2 xy+28,y x+2a,y X’

Solving these two simultaneous Egs. 12
and 13, for the two unknowns a, and &,
yields

EEEE o

and

DL DT
EDTEOT

For the variance of the fit we find

S (y-a-ax)
S = N—2

(16)

wheretheresidualsare A =y —a, — a,x, and
the number of degrees of freedom is N —2
because the two constants, a, and a,, each

consume one degree of freedom. The vari-
ancesin a, and a, are given by

(17)
» _ o a U
Sal_syzgil%

_ N (r-a-ax)
(N—Z)Q\IZXZ—(ZX) Q
DX IR

(18)

Again, thereisusually no need to evalu-
ate the sumsinvolved in 14 through 18 when
one has access to a least-squares computer
program, or to a spreadsheet. For instance,
in Excel, both the function LINEST and the
Regression macro in the Analysis Toolpak
will fit datato aline, and will provide the cor-
responding standard deviations s, s, , and
s,, While Trendline will fit data presented in
graphical form.

C. The Polynomial
The above approach is readily extended
to polynomialsof theformy = a, + a,x + a,x?

+ -+ axJ by successively equating to zero
al j derivatives 02A%da; where A=y —
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(8g+ ax +ax?+ ... + axl). Theresulting j
equations in j unknowns are most readily
solvedintermsof determinants. For example,
for fitting to a quadratic, we havej = 2, and
the resulting expressions are

i3 3
w3 S S| fo
S Sx §y

(19)
Zx“ ZXZy ZXZ
aeS S Sx|fo
2 QY
(20)
szy sz ZXZ
a2:ny zxz Zx D
Sy Sx
(21)
with
20X 22X 2
D:ZX3 sz ZX
sz Zx N
(22)

While this may suggest a higher level of
complexity, in practice it is not, because
most software programs use matrix algebra
anyway, but completely hide this fact from
the user. For example, on most spreadsheets,
one can just make an extra column for X2,
whereupon the regression routine will auto-
matically, without any further ado, fit the
datatoy = a, + a,x + X2. There can be many
such extra columns, which the routine will
accommodate without complaints aslong as
they are contiguous with the column for x.
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D. Multiple Parameters

Asfar asthe mathematics are concerned,
thereis no difference between fitting datato
y=g+ap+ag+ar+..+azortoy=
g +ax+a?+...+a;x), and using the
least-sguares criterion for each unknown pa-
rameter leads to the required number of si-
multaneous equations, and ultimately to their
general solution in matrix form. Again, the
software usually need not be modified, and
will simply return the appropriate param-
eterswith the corresponding standard devia-
tions. Note that the independent variables p,
g, r, ..., Z need not be independent (they
certainly are not when g =p?, r = p3, etc., as
in the case of a polynomial) but can be any
function of a known, error-free parameter,
such as log(x), exp[x2], etc.

Asapractical example, consider the spec-
tral analysis of a mixture of a number of col-
ored species. When the (absorbance or emis-
sion) spectraof theindividual speciesmaking
up the mixture are known, we can consider
the mixture spectrum asthe algebraic sum of
the constituent spectra, each with an adjust-
able parameter reflecting the concentration of
that speciesin the mixture. Thisisastraight-
forward problem of fitting multiple parameters
that can be solved readily by least-squares
programs. On a spreadsheet, e.g., make col-
umns for the spectrum of the mixture, and for
the spectra of its pure constituents, then call
theleast-squaresroutine, and feed it the mix-
ture spectrum as the dependent variable, and
the block of comparison spectra as its inde-
pendent variables. The |least-squares routine
will then yield the concentrationsin the mix-
ture (in terms of those in the single-species
spectra), as well as the associated standard
deviations. It really is that smple.

The only requirement is that there are
single-species spectra for al species con-
tributing significantly to the absorbance or
emittance of the mixture. If this is not the
case, the residual spectrum will indicate that
there is a problem. The single-species spec-
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tramay be of chemically independent species,
or of speciesrelated through proton or ligand
equilibria, and there may even be reference
spectraof speciesnot present in the mixture.
There is no need to single out any particular
waved engths. However, for themethod towork,
spectramust beavailablefor every speciesthat
significantly contributes to the spectrum of
themixture. Moreover, al spectrashould cover
the same wavel ength range, and have thesame
(though not necessarily uniform) dataspacing.
By using the entire spectrum, the influence of
noise on the final answer is much reduced.

E. Designer Least Squares

Sometimes one needs to fit data to sev-
eral eguations that have one or more fitting
parameters in common. To take a simple ex-
ample, say that we have data that should fit
onto two parallel lines. We can of coursefit
thetwo setsof dataseparately, eachtoitsown
line, but then the dopes will be different, and
we will have to arbitrate between their two

a,N, +alzx

aN, 3y X

q
U U
2 2
ap Ep X "'Iilq Eq X +81% Ep X"+ Eq X%

numerical values. Below we will illustrate
how one can, ingteed, fit these data to two in-
tercepts but one common slope. The method
isreadily extended to any number of polyno-
mials, and any number of constraints (such
as curves passing through a common point),
and merely requires that the matrix equa-
tions be tailored to the problem at hand.

L et the two sets of datain our example be
labeled p and g, and let usfit themtoy, = a,
+axandy, = a, + ax, respectively. Wewrite

P (23)

(24)

(25)

where 25 replaces the equations for the indi-
vidual slopes of the two data sets when con-
sidered separately. We rewrite 23 through
25 as

DV
2 Y
Z XYy * Z X (26)

so that the three parameters a,, a, and a,
follow from Cremer’s rule as the ratios of
two determinants,

P

Zy 0 Zx

zy Nq Zx D
PROEED D EEOE

(27)
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(28)

(29)
N, 0 ZX
D=| 0 N, ix
Sx T YAy
(30)

Figure 1 illustrates the application of these
results, and compares fitting the data to two

20
y /
N ."/‘
a
0
0 5 x 10

parale lineswith fitting them to separatelines
with independent slopes.

In implementing 27 through 30 we can
no longer rely on ready-made software. How-
ever, on a spreadsheet, the solution is still
easily obtained when we make columns for
X, Y, X2, and xy, with an empty row between
the two data sets p and g. We then let the
spreadsheet computethe suUms 2, X, 2, X, 2,Y,
ZYs 2%, 2%, 2,xy, and 2, xy. The determi-
nants in 27 through 30 need not frighten us,
since modern spreadsheets handle them with
aplomb. For example, in Excel the determi-
nant can be evaluated with the array function
MDETERM(). In Section VI we will en-
counter another (and often simpler) approach
to designer least squares.

IV. FITTING EQUIDISTANT DATA

Datataken automatically by instruments
are often equidistant in the independent pa-
rameter, such as time, wavelength, voltage,
etc. In this context, equidistant meansthat the
independent parameter increases by constant
increments; there is no corresponding con-
straint on the dependent variable. When the
least squares method is applied to equidis-
tant data, it can be simplified dramatically,
and can bereduced to asmple set of multipli-
erscalled convolutinginteger s, thereby com-
pletely avoiding the need for matrix algebra.
The method goes back to Sheppard (1914)

20
y /
" e
b
0 r
0 5 X 10

FIGURE 1. (a): a set of data fitted to two parallel straight lines. (b): The same data fitted to two separate

straight lines.
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and Sherriff (1920), and was brought to the
attention of analytical chemists by Savitzky
and Golay (1964) at the time that computers
were beginning to becomegenerdly available.
Wewill here usethe ssmple example of fitting
five adjacent, equidistant data points to a pa-
rabola to illustrate how this method works.

We denote the five pointsas X,y 5, X 3,Y.1,
X0 Yo X1,Y1, @nd X,,,Y,. The x-values are equi-
distant, with increments &. We now subtract
X, from all x-values, so that x , =—20, x, =
—d, X, = 0, X, = §, and x, = 25; such ashiftin
the x-axis is convenient yet is inconsequen-
tial for the final result. The experimenta data
pairs to be fitted then become-23,y ,, -0,y ;,
0,Yo, 0y, and 23,,.

Explicit expressions for fitting data to a
parabolaweregivenin 19 through 22 interms
of anumber of sums. Wenotethat D asdefined
by 22 does not contain y, so that D can be
evaluated smply on the basis of the x-values.
Furthermore, because of the way we have
shifted those x-values, the sumsin odd pow-
ers of x must be zero. We therefore have

(31)

30 that

o=y iy (3
PROEEDE
PEOADEIRIL

=Ny Y (3 )

=5x3458* x108° - (10 52)3 =7008 (32)

Equations 19 through 21 contain termsinyy,
but none of higher order than y. We can
therefore evaluate them in terms of their
y-values as

DYV YL Yo TN Y,
> Xy =(-2y2 Yo+ +2Y,)d

> X%y =(Ay, +y, +y; +4y,)0?
(33)

Upon substitution into 19 through 21 we
then find the following, explicit expressions
for a,, a,, and a,:

a, = (—3y_2 +12y | +17y, +12y, —3y,)/35
(34)

= (—2y_2 —Yaty "'23/2)/106 (35)
8 = (25— Y1 =2 — ¥, +2Y,)/145° (36)

With these parameters we can now de-
termine a smoothed value for y = a, + a;x +
ax’ax=0asy,_,=a, Likewise, thefirst
derivativeof yat x = 0is(dy/dx), -, = &,, and
its second derivative is (d?y/dx?), -, = 2a,.
Consequently, we can compute these values
simply by multiplying the various y-values
by integer ratios. for smoothing a five-point
seguence to a parabola, those integer ratios
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are-3, +12, +17, +12, and -3, al divided by
the common denominator 35, see Equation
34. Likewise, for the first derivative, they
follow from (35) as—2, -1, 0, 1, and 2, with
the common denominator 10 &, and for the
second derivative from 36 as 2, -1, -2, -1,
and 2, with the common denominator 7 &?
(because the second derivative is twice the
value of a,).

This method isideally suited for a mov-
ing polynomid fit, inwhich arelatively short
polynomial slithersalong amuch longer data
set, in order to determine the smooth value,
derivative, etc. at the mid-point of that poly-
nomial. In order for the x-value of the mid-
point to coincide with that of an existing data
point, one always selects a polynomial with
an odd number of data points.

Because the moving polynomial fitsonly
asmall portion of the dataat atime, it makes
only arather weak assumption regarding the
structure of the underlying data. It is readily
implemented on a spreadsheet. Savitzky and
Golay (1964) listed convoluting integers, but
their tabulation contained many errors, which
have sometimesbeen incorporated in commer-
cia software. A list of correctionswas given
by Steinier et a. ((1972), and atable which
includesthe corrected data can be found, e.g.,
indeLevie(1997). Madden (1978) hasgiven
general formulas for the computation of the
convoluting integers.

In using the moving polynomial method,
the longer the moving polynomial, and the
lower the order of the polynomial, the more
noise is removed. On the other hand, these
are a'so the conditions that lead to maximal
signa distortion. When the method is applied
to noisy data, a compromise must therefore
be found between noise reduction and signal
distortion. Such acompromisewill, ingenerd,
depend on the propertiesof the dataset. When
adata set contains both narrow and broad fea-
tures, no single choice of polynomial length
and order may be optimal for the entire set.
In that case, one can apply a program recent-
ly developed by Barak (1995) in which the
polynomial length is fixed but its order is

68

optimized anew at every location, each time
the fitting polynomia moves one step.

V. WEIGHTED LEAST SQUARES

L east-squares analysis works fine with
polynomials, and many phenomena can be
represented in that form. Sometimes, how-
ever, polynomials provide awkward (i.e., un-
wieldy or lowly converging) representations
of theoretical expressions, whilesimpletrans-
formations exist to bring the theory in poly-
nomial form. An example isthe exponential
decay, y =y, exp[—kt], whichisreadily linear-
ized by taking itslogarithm, Iny = Iny, —kt.
When experimental data are fitted to this
transformed equation, the sum of the squares
of the deviationsin the transformed variable
Y =Iny are minimized. This may be appro-
priate when the uncertainty is directly pro-
portional to the magnitude of the signal .
However, when the uncertainty isessentialy
independent of y, the proper procedurewould
be to minimize the sum of the squares of the
deviationsiny rather than of thosein Y. This
can be handled in the following way.

Implicit in all analyses of experimental
uncertainties is the assumption that these
uncertainties are relatively small (in com-
parison to the signal), i.e., Ay «y and, like-
wise, AY « Y. In that case we can use

Ay _dy (37)

Ay dy

and we can modify the least-squares routine
to minimize the sum of squares of Ay instead
of AY by introducing weights w into the
formalism, such that

(dY/dy)?

Many commercial software packagesfor
dataanalysisinclude weighted least squares.
Unfortunately, spreadsheetsdo not (yet) do o,
although macrosareavailable (e.g., deLevie
2000) to remedy this deficiency.
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We note that the need for weighting de-
pends on the nature of the uncertainties in-
volved. In the above example, weighting may
be needed when the experimental uncertainties
in the data are best represented as absolute
ones, wheress it should not be used when the
dominant uncertainties are relative ones, with
magnitudes approximately proportiona toy.

Weighted least squares are not always
problem-free. Weighting factors given by
(38) are often even powers of the untrans-
formed signal, such as y? or y4, which are
always positive even though the correspond-
ing y-values may have zero average. As a
consequence, random noisein regionswhere
the signal is small may contribute signifi-
cantly to the sum of squares, and may then
distort the analysis, as illustrated below.

Say that we want to fit a set of experi-
mental data to a Lorentzian of the form
y = ay/[(x—a;)?+ a,]. In this case, writing y
as a power seriesin x is awkward, but we can
simply transform the equation into the qua-
draticformY = Uy = (a,2+ a,)/a, — 2a,X/a, +
X?la,, with a corresponding weight w =1/
(dY/dy)? = y*, seedeLevie (1986). Asshown
in Figure 2a, we can indeed fit experimental
data to a Lorentzian as long as the noise is
relatively small. When the noise amplitude
becomes significant, the noise in those parts
of the curve where the underlying signal is
insignificant will start to dominate the sums
of squares (becausey 4 will be positive even
when y has zero mean), and the fit becomes
unsatisfactor ( see Figure 2b).
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VI. NONLINEAR LEAST SQUARES

The examples discussed sofar al involve
linear least squares, in which the dependent
variable y is expressed in terms of a linear
function of thefitting parameters a, (whence
the name), and the analysis|eadsto a closed-
form expression for these parameters. Herewe
describe another approach, which often avoids
some of the pitfalls of linear least squares
methods, but of course has its own limita-
tions. The method isasophisticated trial-and-
error approach, in which the sum of squares
of the residuals (or some other, appropriate
parameter, as illustrated in Section VII) is
minimized by varying the adjustable param-
eters. For example, onecan combinethemethod
of stegpest descent (whichismost useful when
the adjustable parameters are rather crude)
with a Newton-Raphson iteration (which is
most efficient when the parametersare close
to their final values). The most popular non-
linear agorithmisthat proposed by L evenberg
(1944) and implemented by Marquardt
(1963). The Levenberg-Marquardt routineis
widely availablein software packagesaswell
asin spreadsheets; in Excel itiscalled Solver.

Non-linear least squares can be used in
those caseswherelinear least squaresruninto
difficulties. For example, after thedatashown
in Figure 1b have been fitted to two separate
lines, yielding two slopes and intercepts to
be used as guess values, we can apply anon-
linear least-squares routine to fit the data to
two lines with the same dope. In this case

0.10
y
0.06

0.02

20,02 1
0 50 X 100

FIGURE 2. (a): A Lorentzian peak with noise (open circles), fitted with weighted least squares (solid line).
(b): The same with ten times more noise, and the resulting, systematic distortion.
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FIGURE 2C. Fitting the noisy Lorentzian of Figure
2b using non-linear least square.

the‘difficulty’ weavoid isthe need to derive
equations such as 27 through 30.

Toillustrateanother typeof difficulty thetis
readily taken care of by non-linear least squares,
we can fit the data shown in Figure 2b directly
(i.e., without the need for atransformation) to a
Lorentzian, and thereby avoid the pernicious
effect of noise. Figure 2c illudtrates this.

On the other hand, the application of non-
linear least squares methods has its own pit-
falls. Becauseit looksfor aminimum, it may
get stuck inalocal minimum, which is often
caused by noise. Depending on the initial
guesses made for the parameter values, the
method may then lead to erroneous results.
Direct observation of the signal and its fit
may alert the user to the problem which, once
recognized, can usually be solved simply by
changing one or more of the guessed param-
eter values.

VII. GENERAL LEAST SQUARES

The most general least-squares method
does away with the somewhat contrived dis-
tinction between dependent and independent
parameters, and considersindividual weights
for all input parameters. Fortunately, there
arerelatively few instances where such gen-
eral |east-squares methods need be used, but
even they can nowadays be handled deftly
on generaly available software such as
spreadsheets. Herewe will only consider the
simplest case, in which y = F(X;, X5, ... , X)
and the parameters x;, X,, ... , X are al
mutually independent. If y and one or more
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of the parameters x, are mutually dependent,
we need information on their correlations.
Thisrequires more input information, which
is usually not readily available.

For mutually independent parameters it
can be shown, by extension of the arguments
used by Deming (1943), that the relevant
weight w is given by

1
s+ i(aF/axj)zs;

j=1

W=

(39)

where F is shorthand notation for F(x,, %, ... ,
X, «.. » %J. The quantity to be minimized in
the analysis of N data points then becomes

iw (%~ Yo mone)

N

_ (%~ Ymoss)
Z § + Z (alz/axj)zsgi

(40)

which can beused directly inanon-linear least
squares algorithm such as Excel’s Solver,
wherethe user hasfull control over the mini-
mization criterion. Again, like all the earlier
results of this chapter, these equations apply
only aslong as the relative errors are small,
so that local linearity is maintained.

For ameaningful comparison of the sum
of the squares of theresidual s of theweighted
and unweighted least squares, it is useful to
normalize the weights (such that . w; = 1),

in which case 39 must be modified to
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1

w =

i . ) N 1
2y s (oF/ox )5 b 2
[Sv ¥ a( / XJ) 3 } s+ é(aF/axj)zsfw

J

J

(41)

which, for asingle x-parameter (i.e., k= 1),
simplifies to

1

W =
‘ 4 S b ) 2] 1
[sy+z1( F/ xj) S, | '=1Si+‘%(dF/dXJ)ZS;J

j=1

(42)

For the unweighted least squareswe have
w; = 1, and we correspondingly dividethe sum
of the squares of the residuals by >".,1 = N,
where N isthe number of data pointsanalyzed.

Here we will illustrate the application of
Eqg. 42 by an example kindly provided by
Prof. Jeffrey K. Nagle of this Department.
Table1liststherate constantsk (corrected for
diffusion effects) of the quenching, by anum-
ber of aromatic amines, of the fluorescence
of the luminescent excited state of octachlor-
odirhennate (111), and the corresponding stan-
dard potentials E° for the one-electron re-
duction of these quencers in acetonitrile
containing 0.1 M tetrabutylammonium per-
chlorate, as reported by Nocera and Gray
(1981). Both k and E° are subject to experi-
mental uncertainties, the magnitudes of which
wereestimated by Prof. Nagle. The data were
then fitted, with and without weighting, to
the Marcus expression (see, e.g., Marcusand
Sutin 1985)

AF +AG°+E°D2

Ink=Ink, —
% 4RT A

(43)

where the values of In k, (with kyin M s),
the free energy AG® (in V), and the solvent
reorganization constant A (also in V) are ad-
justable parameters, and F/ART = 9.73047 V-,

Figure 3 shows how such a computation can
be made on a spreadsheet.

The specific values assigned to the ex-
perimental uncertaintiescan of coursebe ques-
tioned, but these are of no concern here, since
they are used only to illustrate the computa-
tional method. The point is that we can get
quite different answers depending on the as-
sumptions made regarding the wei ghts. Note
that the ‘unweighted’ analysis also (though
tacitly) assignsweights, namely, unit weights,
w, =1.

We see thdt, in this example, thefitting pa:
rameters can be significantly different: In k,
=22.78+0.10 vs. 23.05+0.21, A=0.55
+0.03V vs. 0.35+ 0.03V, and AG° = -0.68
+0.01V vs. -0.59+0.01V for theweighted
andtheunweighted andysisrespectively. Which
of these results one prefers will obvioudy de-
pend on how much weight one attachesto the
assigned weights.

Incidentaly, these results clearly illus-
trate that the calculated standard deviations
(eg., £0.03V for |, £0.01 V for AG®) are
much smaller than the differences betweenthe
parameter values in the two models (0.20 V
for |, 0.09 V for AG®), because the standard
deviationsindicatethe precisonwithinagiven
model, rather than the limits of reliability of
the results. Even when we fit the data to the
very same theoretical expression, weighting
or not weighting constitute quite different
models.

This example also shows the effect of the
term dF/dx on the weights w. The first and
seventh point in the above data have the same
standard deviationss, and s, yet thefirst point
has a much larger weight w (in cell J9) than
the seventh (in J15) because of the small dope
dF/dx around E=0.1 V.

VIIl. CONCLUSIONS

The least-squares method provides a set
of flexibletoolsto fit experimental data, even
in the presence of noise. It thrives on data
redundancy: the more data points, the smaller
the influence of random fluctuations in the
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FIGURE 3. A spreadsheet calculation, on Excel, for the unweighted and doubly weighted fit of the data of
Nocera and Gray (1981). The experimental data are shown in columns A and D, and their estimated standard
deviations in columns C and E. The equations used in row 9 are shown; those in rows 10 through 17 are
obtained by copying these equations down. Solver is used to find the data in cells G1 through G3 for the
unweighted case, and in J1 through J3 for weighting both axes. The uncertainty estimates shown in italics were
obtained with a macro (de Levie, 1999): the deviations of log k in row 5. The experimental data are shown

in the graph as solid points, the unweighted and weighted fits as lines with unfilled symbols.
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data on the derived quantities. Convenient
implementations of most |east squares meth-
ods arereadily available, so that it is seldom
necessary to derive the corresponding equa-
tions (aswedid in Section I11.E) or program
the computer to implement theanalysis. Most
linear |east-squares methods are very effi-
cient and fast. In principle, non-linear least
squaresareless so, becausethey involveitera
tions, and may need some manual helpto guide
them to the appropriate solution. Fortunately,
on modern computers, even non-linear least
squares methods are usually quite fast.

Most of the least-squares methods dis-
cussed in this brief review are based on the
simplifying assumption that the uncertainties
arefully restricted to the dependent variable.
Fortunately, thisis often areasonabl e assump-
tion, asdiscussed, e.g., by Taylor (1997). An
exampleisprovided in Section V11 of how to
handl e casesfor which that assumption might
not be justified.

Whilethemethodsreviewed herearegreat
to fit experimenta data to the appropriate the-
oretical models, they should not be used un-
thinkingly. The scientific literature contains
some classical illustrations (Parsons and
Passeron 1966; Barclay et a., 1970) of the
dangersof feeding experimental datadirectly
into computers for analysis, without careful
inspection of theinput data and of the result-
ing data fit.

The least-squares method is designed to
fit data to an assumed theoretical expres-
sion. It is not designed to select the best
theoretical framework, and consequently is
not very good at it either. Anscombe (1973)
has given some dramatic examples illustrat-
ing the dangers of fitting data without visual
inspection.

Least-squares methods are sometimes
touted as objective, but they are so only after
the equation to be used, and analysis method,
have been selected. Whether to fit datato a
proportionality or to a line, whether to in-
clude an additional term in a polynomial fit,
what length to chose for a diding polyno-
mial, or whether the nature of the experi-

mental uncertainties requires weighting, are
all decisions that will affect the result ob-
tained yet must still be made by the experi-
menter. Such decisions are typically based
of information about the nature of the data
that isnot inherent in their numerical values,
such asthe existence of atheoretical expres-
sion for the observed phenomenon, or inde-
pendently obtained knowledge about the most
likely causes of the experimental uncertain-
ties. The determination of the actual weights
to be used in weighted least squares is often
subjective as well.

While it has so far been customary to
assume that errors follow a single, normal
distribution, this assumption may occasion-
ally haveto be examined and, perhaps, modi-
fied. Now that the mechanics of least-squares
methods are no longer a stumbling block,
and the method is widely available, the fo-
cus can be expected to shift to amorecritical
examination of the sources and statistical
nature of the errors involved.
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